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I GroupHomomorpBismssIsomorphismsandAntomorphismsy
Recall some definitions

M1 A homomorphism is a function 9 G Ga between

two
groups.satisfypg.CH9fab 6cas 6Cb ta bEG

Here we use for the operation on both sides If the
groups are abelian i.e commutative de usually use
for the respective ops and is written as

say featbltecastasikate
Extenoladexample C connection w linearAlgebra
Let V be a vector space Lover a field Fusually f D

butcould also be
F E t o ftp EIYporF Ep

FX o 1 algo abelian grup
distributes through turns
a Cbtc ab ta c

Eg V Rn Ohh Eh 21pm

Then V has two ops t C vector addition
scalar multopliatin

V x v V Ex V f
WITH tw Ek v KI

o IS an abelian group TgfnhfoftfheGY.gspaced



Also recall A on between
two vectorspaces is a function L V W
which satisfies

Vitra L CV th k FY keV
L KV k Lcr H Ver

f ke F

Just retaining condition l which is the same as

EMI we see that L is a homomorphism
of the underlying groups

Ef L R L Cxg City y x

is his friend so also a horn
note LJ AV for some matrix A

wore precisely L Rm R then A is nxm matrix
in the above example i A E f
check E Tgif I v

Remard Not every graphon between two vectorspacesis a lmear transformation.ly tiyEx7iyEaauple9 C sC6czj Eagrarphom
Car an aol.liiefmnctim1

te CflZtw UH Ucw since 2 7 275
But 6 is not a E linear transformation between
those two Q Vector spaces STree e.g

iz II TE i E IE i.kz
Cif2to

Example Recall exp IR t o Ryo D
X 1 ex

is a home since extt ex.es In facteep isani fo n

II297 54,9 weaken In Its imageis eczema



I

HID Dett An isomorphism is a function 96,742
between two groups which is both a homomorphismand a bijection
Wesawthat µif9 G 6zisothen4TGsGT

Lemme If ch G Gs and Gs are home
then Choy is also a home

Moreover if both 4 Yu are isos then
Roch is also an iso

Proofed Cho9 ab f checkCabo FEC961960
bydefofo Geis how

Chad Kaleb
Uzishorn
E 9209Kaj 9 Cs

bydefofo

E The composition of any two bijections is again a

bijection ftp.sqsz.fi.sg.jsss Iof fitfi
D8

Def Two groups are said to be isomorph if
there is an isomorphism between them

G 292 5 74 G Ga isomorphism

Lemmy is an equivalence relation ongroups
Prout Refleaitivity G Ida G G is an iso

Symmetry G EG Gea if 4 9 G iso then

Transitivity Gshz 9uE6z 0 Gz G is also an iso
a eas by

By lemma partie arbore DE



The equivalence dresses under are called
isomorphism classes of groups

Examples is 214 Eli where 24 404 274,511 t ED

isomorphism ee zq is
a IE bis b i3 1

HEH Ek
rien of 1 Citi Ek I f i

another iso rt Zc sis N'CHII filk
isos fromZe to cis 1241 041 2

Example Any groupGofprime order p is

isomorphic to Zip
reason since GKp is prime G mst becyclic

Cby Lagrange say G a Then
define 9 Zp G 9 Edp ak This
is an iso with inverse 94 ak EkIp

Example On the other hand WE saw that 24 2h
In fact these are the only groups of order4
up to isomorphism
H if 161 4 then GEE or GE 2422

feder

liE t
42212212
Q8
D8



Remake We can distinguish oftentimes in classes

9 gimpsG by looking at the number of
elementsof given order k1161
ICG a e61 ocasek

This method shortihat 28,2422,26 22 2,8 D8 are

notpairwise isomorphic Q 4ft Ek tell
D8 Symmetries of square

Computational Challenge Find a pairofgroupsGabitritewhich are notiso butthe th functions arethe same

Example Recall CR Bso sina.seapi.RS Rso

How about CBD and CRT o are they iso
Answer no Reason
R t has no elementsoffinitemeter except 0

since of n nx 0 zn o

s has an element offinite order anddifferentfrom 1
namely XI 1 f 1 El so o 3 r

IIIAutosI Def An automorphism is an isomorphism
from a group to itself

µauto 9 o

them A more generalmotion is that of an e.no phism
it a

homomorphismolifyDefine T.EE qrohism3



lemme Aut G is a subgroupof Sym G n

IAutchffeesymcGliceahomTI
Pref Recall Symes all bijections a 6 is

a
group with o and e idg

So Antal inherits this operation from SymCGI
and is clearly closed under compositions
inverses

Exaw_pleAntCZ7EErecallthatauyhomce.Z Z is ofthe form
a na for some MEZ

Such a map is surjective n L or 1

Example IAutCZn Zn
recall thatany Hom chZn Zon isofthe form

EKIN Ertin for some Eren 1

Such a map is a bijection gadcr.nl I
Erin E 21nA

Example Ant Zn GLnCZ


